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A connected graph G can be disconnected or reduced to a single vertex by 
removing an appropriate subset of the vertex set V(G), and can be disconnected 
by removing a suitable subset of the edge set E(G). Attention has usually been 
centered on separating sets having minimum cardinality, and parameters called 
the vertex connectivity and the edge connectivity defined. These classical concepts 
are generalized by using separating sets which are minimal. By considering 
the maximum as well as the minimum cardinality of such sets, one defines vertex 
and edge connectivity parameters. Sharp upper bounds are established for these 
numbers and their values computed for certain classes of graphs. An analogue 
of Whitney’s theorem on connectivity is obtained. Parameters are also defined 
for minimal separating sets consisting of a mixture of vertices and edges, and 
these are shown to depend on the maximum and minimum values of the vertex 
and edge connectivity parameters. 
1. PRELIMIMWES 
Let G be a connected undirected graph with no loops or multiple edges 
having vertex set V(G) and edge set E(G), with 1 V(G)] = p > 1 and 
1 E(G)1 = q, so that q 3 p - 1. A set S of elements of V(G) u E(G) whose 
removal from G results in a disconnected graph or a single vertex is called a 
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separating set for G, and will be assumed to be minimal. One observes that 
the complete graph K, cannot be disconnected by removing vertices, but can 
be reduced to a single vertex by removing any p - 1 vertices. 
A minimal separating set So whose elements are vertices of G is called a 
minimal vertex separating set, and the minimum and the maximum cardinal- 
ities of such sets are denoted by K,,(G) and K;(G), respectively, so 1 < 
Q(G) < / So 1 < K;(G) < p - 1. Similarly a minimal separating set S1 whose 
elements are edges of G is called a minimal edge separating set, with minimum 
and maximum cardinalities denoted by K1(G) and K;(G) respectively, where 
1 < K~(G) < 1 S, 1 5 K;(G) 5 q. It is obvious that K~(G) = 1 if and only 
if G has a cut vertex and that K~(G) = 1 if and only if G has a bridge. In the 
literature, ~~((2) is called the vertex (or point) connectivity and K~(G) the 
edge (or line) connectivity. 
The minimum degree of any vertex of G will be denoted by 6(G) and the 
maximum degree by O(G). It follows from the definitions and a result of 
Whitney [6], that 1 < Q(G) ,< K~(G) 5 8(G) 5 d(G) 5 p - 1. It will be 
shown in Theorem 2 that an analogue of Whitney’s theorem, namely 
K;(G) 5 K;(G), holds when d(G) < p - 1. 
2. EDGE CONNECTIVITY 
We next develop two sharp upper bounds for the edge connectivity 
parameter K;(G). The symbols [x] and {x> will denote respectively the greatest 
integer IX and the least integer ax. 
THEOREM 1. Let G be a connected graph of order p having q edges. Then 
K;(G) 5 min(q - p + 2, [p2/4]). 
Proof. Let S be any minimal separating edge set for G. Then G - S 
has exactly two components, G1 and G2, with say p1 and p2 vertices, 
p1 + p2 = p. The number of edges in Gi must be at least pi - 1 so that 
I S I 5 q - p + 2. On the other hand, each edge of S must join a vertex of 
G1 to one of G2 so that I S I 5 plp2 . Now plp2 is a maximum when p1 and p2 
are as nearly equal as possible, and then plp2 = [p/2] . (p/2) = [p2/4]. This 
proves the theorem. The bounds stated are sharp, since K#&n) = 
l+(m- l)(n - 1) = q - p + 2 and K;(K*) = [p2/4]. 
If a connected graph G has an orientable imbedding on a surface of genus 
y(G), then by the extended Euler polyhedral formula, F(G) - q + p = 
2 - 2y(G), whereF(G) is the number of faces in the imbedding. By Theorem 1, 
K;(G) g F(G) + 2y(G). In particular if G is planar, y(G) = 0 and K;(G) 5 
F(G). Equality can occur, as is the case for the Cartesian product G = 
P, x P, of two disjoint paths P, and P, . . 
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3. VERTEX CONNECTIVITY 
We next consider the vertex connectivity parameters K&G) and K;(G). The 
set of all vertices adjacent to a given vertex of G contains a minimal vertex 
separating set, so that, as noted earlier, K,(G) 5 6(G). 
If So is any minimal vertex separating set for G, the graph G - S,, is either 
disconnected or consists of a single vertex. One can readily show that K;(G) 
attains its maximum valuep - 1 if and only if G has a vertex of degreep - 1. 
It also follows that K,-,(G) = K;(G) = p - 1 only for the complete graph KD , 
and that the complete graph is the only connected graph which cannot be 
disconnected by removing vertices. 
The next result relates K;(G) and K;(G), and provides an analogue of 
Whitney’s theorem on connectivity. 
THEOREM 2. Let G be a connected graph of order p > 4 having A(G) < 
p - 1. Then K;(G) 5 K;(G). 
Proof. Suppose that K;(G) < K;(G). Since G has no vertex of degree 
p - 1, then K;(G) 5 p - 2 and K:(G) 5 p - 3. Let S, be a minimal vertex 
separating set for G of maximum size, so 1 S,, 1 = K;(G). Then G - S,, has 
at least two vertices and k components G, , G, ,..., Gk where k >, 2. 
Every vertex of S,, is joined by at least one edge to each of these k com- 
ponents, since otherwise the minimality of S, is contradicted. Let S, be the 
set of all edges of G joining vertices of So to the vertices of the single compo- 
nent G1 . This set is a minimal edge separating set with cardinality at least 
K;(G), so 1 S1 / > K;(G), a contradiction. 
As a consequence of Theorem 2, the upper bound q - p + 2 found for 
the parameter K;(G) in Theorem 1 is also an upper bound for K;(G) when 
A(G) < p - 1. This bound is sharp, as shown by the graph G = K,,, with 
n 2 2. If A(G) = p - 1, then K;(G) = p - 1 and can exceed q - p + 2, 
as shown by the graph K1,n. with n > 1. However, one can also have 
q-p+2>p-1,assh own by the graph KU with p >, 4. The analogue 
of Whitney’s theorem on connectivity therefore fails for certain connected 
graphs with A(G) = p - 1. Such graphs have exactly one vertex v of degree 
p - 1 and have v as a cut vertex, as is readily demonstrated. 
4. MIXED CONNECTIVITY NUMBERS 
A minimal separating set S whose elements belong to V(G) u E(G) may be 
called a mixed separating set, and the minimum and maximum cardinalities of 
such sets denoted by K~(G) and K;(G) respectively. It is immediate that 
K,(G) < 43 and K;(G) > max(K~(G), K;(G)). However, we show that 
equality holds in both cases. 
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THEOREM 3. Let G be a connected graph of order p with maximum degree 
A(G). Then (a) K~(G) = K~(G), (b) K;I(GI) = K:(G) if A(G) < p - 1, and 
(C) K;(G) = max(p - 1, K;(G)) ij-A(G) = p - 1. 
Proof. Let S be a minimal mixed separating set for graph G having m 
vertices and n edges with m >, 1 and n > 1. The theorem will follow if we 
show that 1 S ) > K,(G) and 1 S 1 2 K;(G). To prove the first inequality, 
suppose that I S I < K,,(G). Let H be the graph obtained by removing all 
vertices of S from G. The edges of S then form a minimal separating edge set 
for H. Hence m + n < K~(G) 5 K~(H) + n 2 K~(H) + n 5 m + n, a 
contradiction. To prove the second inequality, suppose I S I > K:(G). Since S 
is minimal and has at least one edge, G - S has exactly two components. 
Furthermore, each edge in S must join the two components and each vertex 
in S must be adjacent to vertices in both. Consider the set of edges from 
vertices in S to just one of the components together with the edges in S. 
This set has at least m + n edges and is a minimal separating edge set, a 
contradiction. 
Separating sets containing both vertices and edges have previously been 
considered by Beineke and Harary [l], who define a connectivity pair for 
graph G as an ordered pair (k, I) of non-negative integers such that there is 
some set S having k vertices and 2 edges whose removal disconnects G and is 
minimal in the sense that no set having k - 1 vertices and I edges or having 
k vertices and I - 1 edges has this property. Such sets need not be proper 
subsets of S. Two connectivity pairs are (Ko(G), 0) and (0, K,(G)). An extension 
of Menger’s theorem [4] is proved, namely that if (k, 2) is a connectivity pair 
for vertices s and t in graph G, then there are k + 2 edge disjoint paths 
joining s and t, of which k are mutually non-intersecting. For additional 
results on connectivity, see references [2], [3], and [5]. 
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